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Introduction: 

This piper discusses issues in Geometry Theorem Proving as a case-study In problem 
solving and in heuristic search One way of viewing the pioblem iolvLng proeeu It as a 
large iree-seArch; at each step the problem solver chooses one of the strategies, available to 
him/her, and Chen proceeds CO the next decision point En such a search the mere existence 
of an algorithmic way for reaching a solution Ls in many cases of no real interest, since the 
iiie of the tree mi^ht render it totaHv impracticable. Rather, the interesting problem is 
Finding intelligent search methods This means, primarily, using knowledjre of the problem 
domain to direct the search towards the paths with a greater likelihood of Success. In this 
respect ihe present paper makes a new contribution, as previous G.T.P systems did not 
address themselves directly to the above aspects of theorem proving. 

The G.T.P. iystem is described in the first two sections, nf the paper. Far 
methodological reasons the first one concentrate! on what is known as. the "forward search", 
while the second discusses the backward (also known as the "analytic") method. This 
distinction Is convenient, although the complete iystexft should be able to make a flexible use 
of both methods, as well as of some others. Like the middle-out search described in the texL 
The last section of the paper describes a method for dealing with issues of symmetry in 
geometry problems, in addition to the ability of pre-creatLng a list of all the symmetries in a 
problem -(the way Gelernter die in his syntactic symmetry method), this new approach 
enables one to say something like: This new goal resembles a previous one. So let me 
checlt whether the *ame proof applies here too." Although the treatment of the problem it 



somewhat formal, the main inttniLon of [his section u to provide a way far dealing with 
jymm«nei in a natural and flexible wiy. 



FART I 



I.] General Bjc!f, ground 

Thu secUgn is ainwd at describing tmefly :ho5* issues and concepts discussed in 
previous research which reappear In this work. The first, and the masT well known work in 
this are*, was done by Ge-iemter, He *a* in tested in general aspects of producing formal 
proofs by machine, and the main sdeas he discussed were: 

t The us* of an analytic method,, also catled Chaining backwards.* which reasoned 

backward* from the goal to the hyprcheSEs. 
£. The use of the diagram as a Filter Keiujuie, thfrl is, rejecting iubgoals which art 

not consistent with the diagram, 
J. Syntactic symmetry: this is an approach to the problem of constructing and. ■ 
justifying a proof, in which one subgnal ii praved formalin while another 
subgoal is said to be "similar" to the first. 
Two other systems chat produced prwfi tugeomfiry theorems were implemented at 
the hi.I.T. M Lab : The flrit hf Ira Goldstein CCoWstem 197^ and the second by Arthur 
Nevms (Nevini 1974). One of Goldstein's main concerns was implementing a system in a 
high level and natural formalism that f«llii.4Lcd the reprwentiion of mathematical 
knowledge in a program. His PLANKER-oased system had indeed a natural andsimple 
structure. But because it depended heavily on rigid Top-down tree search, it was doomed to 



spend an ever increasing fra«ian gf E ti time following dead end paths it the prohkms 
became more «mpkx. Kevins, on the other hand, explored the other extreme and 
implemented a system uitng mostly forward Gaining While Goldstein's iy4 tem uie nf the 
dL&gram was. similar to CelemierV Nevlns did nor use [he diagram at air. The nest few 
section j describe the wajrs the digram ii used in the model-driven GXP. 

1.2 Description of the System. 

The theorem proving system processes a. problem In three phase* 
Phase 1 is a pre-processing; the second stage ii an 'attach -and-explore' cycle; and phase 3 
is a backward search. 

1,3a Pre-processing. 

The first phase is executed before the hypotheses are given to the system. Ai this 
stage the system manipulates the diagram with the ultimate goal of creating what will be 
called reference-frames. Thew frames have Mots" ,ci which relevant data are filled in the 
course of the proof. Tnr following example illustrates OUr intention. Let {\ B C D) be a 
parallelogram in the- diagram. The system creates a frame for the parallelogram, of the 
following form: 

<: (A B C D} (segment AB - segment CD) (segmen: AD - segment BC> 

(segment AB parallel segment CD) {segment AD parallel segment BC) 
(angle BAD * angle SCD) (angle ABC - ingle ADC) 



{nil nil nil nil nil nil) > 
The current itate or knowledge being (nil nil nil nil nil nil) means, chat nothing is known 
yet afeout this frame. This is an instance of the general structure 
< ..object {e.g. parallelogram) 
;importanr facts (e.g. opposite-sidcs or angles equality) 
knowledge (eg, current state of knowledge) >. 
Suppose new that in a later stage the system learni that (segment AD » segment BC). 
One of the things it will then do, it » attach this fact e» the above itructu re. It wilt find 
that the equality (segment AD - segment BC) is the second member of the above frame, and 
consequently the current s^t of knowledge will change to: {nil T nil nil ml nil). That ii, 
[Jib second fact attached to the reference frame has been ejtabljshed. The procedure is 
reversible, in the sense that theT^NIL list, which constitutes the current state or knowledge, 
an be examined, and the fact that {segment AD * segmen; BC} be deduced. We say 
therefore that the fact it attached to the frame. A characteristic feature of that structure is 
that the «rrw datum might appear (sometimes implicitly) in more than one frame. A face- 
also appears: once explicitly in the general data-haw, a list called "KNOWN", that keeps 
track of the known facts, together w Jt h their reasons. Thus, KNOWN might contain: 
((Segment (A D) - Segment (B c)) (Reason: Given)). 

A problem that arises here, is rhe need for canonic names for geometric objeccs. 
Thii was done uiing lexicographic order, based on the Lisp ALPHALESSF predicate. (£» 
Nevins, Kevins Wi> and also <Colc!Stetn I973> for discussion of this.) Thus a segment £ 
XJ witl be rearranged in the data base a* (X Z) and (B A} as (A S). The equality between 




those segments will be asserted as: {Segment AB - Seamen? XZ). 

A parallelogram (PI P2 PS P4) will not be Amply rearranged in ALPHALESSP 
order.in order to preler*e the property that one can go around the parallelogram from Pt to 
P2 to P3 to Pi Therefore P], the first point in the canonic name of a parallelogram, will 
indeed be the ALPHAMIN point (The least point In ALPHALESSP orfer). ?2 will be the 
ALPHALESSP point between the two neighbor* of Pi, and ihm we proceed by going 

around the parallelogram from Pi to P2. B ^ 

Thus the canonic nam* of 

(C D B A) will be (A B D C). 

rather than {A $ C D), 

A^~ . . 

c 

The reference-frames Uses created by the system in the fjrrt phiw Include; 

1. A list of congruent criangiej (CONGRUDLIST) 

2. A ttst of itmilar trianr/l« (SIMDLtST) 
& A Hit of parallel linn (PARALLIST) 

4, A Hit of parallelograms (P ARAL LIST) 

5. A list of trlan£lE-wLth-eis<Kors.{BI&ECTL]5T) 
Arter Creating those lists, phUK 3 terminate^ and phase 2 beg Ins. 

. 
l-£t» Attach and explore. 

In this second phase, the hypcihsses are given to the system. The program handlei 
them in a rather simple way, which ve mi^hc describe as. lAt&ch and explore': 



Firstly, tt attache! eifery datum to ail its *pprapria«! frames, that is, all the frames 
that have ilots in which the ipcdfu: datum Ties. Note that during thi* procedure there ire 
no interactions between data: in principle, jr. can proceed in parallel, if on* does not insiit 
on asserting the consequences immediately after they are established. 

Secondly, it goes into "Expiation mode" Some exploring functions are invoked, 
which examine the current state of knowledge of the different frames. If (he exploring 
function find* the I Li' (T nil T nil nil nil) at the end of the parallelogram frame- of (A B C 
D). it assert! the lemma that ((A B C D ) is a paralktogram } (Reason: Equal and parallel 
qpposirt sides)), adding rhu new fact to the data-base (The KNOWN list). R eH [l that the 
ABCD parallelogram frame wa* created by examining the diagram, and hence the existence 
of the frame ji nar a proof that ABCD is a paral lelqgram- 

■ 

L2c How curioui to be? 

When new facn are discovered one can proceed hy attach mg them to their framei, 
thus creating a new attach-and-expl&re cycle. This process on iterate unlit it (hopefully) 
hits the goal. This H t of course, what we called forward chaining, and example* of proof j 
produced in thii way will be examined luter- 

Not all data ire created equal: Same are always explored; some never are, and seme 
are explored only if the system iS eiosua about them, u will be explained below, if the 
svitem know* (hit in triangle XYZ. (angle XYZ -angle XZ¥) it concludes thai Segment 
XY - segment XZ) Reason: isoj; c 1ds triangles)), and trie! to establish new consequences. 
On the other hand, if the congruence; (triangle ABC - triangle XYZ} is established, the 



consequences: 

(Segment AB - Segment XV) 

(Segment BC - Segment YZ) 

(Segmenr AC - Segment XZJetc. are asserted and added to the data base without 
being further explored. The rationale for this is the following: The statement: (tnangle 
ABC - triangle XYZ) has a dlff«en". status than the Statements. 

{segment (A %} - segment (X V)J or: (angle {ABC)- angle {X Y Z» 
It li more powerful than the luc [wo statement* and contain more information, (In fact & 
times as much). 

The notion "congruence" constitutes therefore a compact concept- Besides containing 
much information, a concept has to qkut frequently enough in order w be a useful compact 
concept. For example: the concepr super-congruent (trlangle-l, triangle^, triangle-3}, stating 
that TNangLe-| - triangle-2 - triangle-3, and alt are isosceles, is compact but not useful 
A reasonable place to stnp the forward chaining is upon Organizing the data in 
useful, compact concepts. In the geometry domain, "parallelogram" and 'congruence 1 " are 
example* of such concept?. The concept "congruence" for instance, should be represented in 
such a wav. that should some other function search for the- segment*' equalny, It would he 
immediately available from the congruence. However, if no such requirement is made, this 
statement will stay still m its compact packing. Thus, we can also make a distinction between 
active versus passive data. 

There are cases, however when *e might wish to alter this situation. The following 
is an example of such a case: Suppose *e ape in a backward search, trying to prove: (Angle 



ABC - Angle XYZ). We examine our reference-frames m see if there ii any natural 
subgoal, like a pair of diagram-congruent tnao £ l« <L*. a number of CONGRUD), but find 
mm* We would like to tell (he system "Male * Crt n 3 .ti«i 10 forward search, and follow the 
consequences of some fact unexplored so f »-. The way of making ihe system more curi™, 
about th* thing* it discoveri, it by setting the variable "curiositf to t non-nil value It h 
possible to imagine e^ennons of such a * i flp ra«h tha: pro^drs a more foible control 
over the system's tendency towards forward or backward chaining. 

This style of H attaeh-ancL-e*p heaves future recomputations. For example, snp po « 
that the fact that (Segment AB - Se|ment XY) is known co the system. It then tries to find 
i pair of congruent triangles, in which {A fi)and (X Y) are sides, and estabEish their 
congruence. It eventually fails, because there is not enough data as y« for that. If it does 
not keep in mind (within the appropriate reference frame) the fact that, say triangles (A B 
C> and (X Y ZJ agree already in one side, it is forced to remind them and the «1ev an t data 
about them in the data base, when (Segment BC - Segment YZ) is also known. 

1.2d Backward search. 

As the first stage of forward search is terminated, the system starts backward 
chaining, and From now on it might switch from on* mode to another. The syitenV* 
structure *as designed to facilitate such a task, but because a more detailed description of 
that phase is presented in part t only general T ^ma:k s ■*>][ be made her*. Thegenetal 
scheme of the backward search phase is as follows- 

When a |oaE is set forth, the program examines all the possible subgoals. It then 



cheeks whether one of ;he« subgoaii ha* already own established. Thu jltuatinn might 
arise, when (he subgaal is * passive kind of data, in whkh a* the jyitern did not try to 
«tablish any new consequences of it If none of the sub-problems is already proved, the 
system solicits the help of a PlaujjoiE Move Centra- [P.M.G). This decision can be 
iff iciently reached because the systems keep records of the current state of knowledge (ai 
opposed to Goldstein's and hlevini 1 systems, an nhkb thii was done only in * limited way). 

Another advantage of the current state of knowledge list his been mentioned already 
namely, that it can save rtcompvts.lisni. For :h«c reasons, this feature probably has a 
general applicability and importance 

Suppose the current goal jj (segment XV * Moment AB). The syi&m b in a position 
to answer wkh minimum amount of computation question* like; "Find if (X Y) and (A B) 
are corresponding sides of some congruent triangle*. limine those triangles to see about 
which of them we have the largest amount of data r and what kind dF d^ta." The system 
compare* the possible submit, scores them, and then pursues the highest scored subjoal. 
{The mam function of the P.M.G is, then, acting as a "StaticEvaluator".} Some 
modification J of thjj behaviour are possible: 

1. Upon hitting a very hi£h scored subgoa] the systems stops evaluating the other 

sub£Oats and tries that one. (Similar » Connive? "hang"J 

2, As mentioned earSie: h if the scores are too low the system might wish to switch to 

forward search for a while (by seeing "CURIOSITY" to TJl 



I.2e Middle-Out Search; 

Upon examination q{ human methctds g:" proving geometry problems, one observes* 
that a "middle-our search" heuristic is scrnrtimcs used. Especially in difficult problem!. The 
idea i; to find an "interesting" figure in the diagram, lilt* a parallelogram, or a pair of 
congruent triangles (those "interesting Figures" arc cioveJy :eLated to the cornpact concepts) 
and try to establish that property, fa deinf id, th* problem solver is relying am the 
assumption that coincidences are not likely to happen: A parallelogram in the diagram is 
probably significant and not merely accidental, 

Note, that this heuristic {the rriiddle^out search) can also be incorporated qyjte 
naturally in eg the system's structure, (or the same reasons that the F.MXJ can. Namely, the 
questions the systems would like tg au while applying the heuristic are easily answered 
through the use of reference f ramet 



15 Examples. 

- 

In this section two examples of forward-chaining progfi produced by (he system are 
presented- The input to the program consistl of two tinds of liltl; The first contains the 
Cartesian coordinates of the points, and the oilier is the List of lines in the diagram. After 
the system finishes the fin: stage (phase 1), which creates the reference-frames, the "givens" 
are presented to it As the proofs were produced using f arward search {curiouslty » Tj, the 
main thing to be inspected is the KfrOWN lis: at the end of the proof. This, list contains 



lit 



all the facts discovered by the system, and therefore it is possible to determine from thii 1 
what parentage of ihe effort wii fruitful, The state of knowledge lists of the the different 

framrji at the end sriawj also, indirectly, what deductions the system had done. 



1.3.a Example [. 



The first example i* Gelernter's second problem which is rather trivial. The only 
change made, waj to introduce another point, 0, to complicate the diagram somewhat . 



Given: 

(Al A2) - (B] B2) 

(Angle (G Al 0) - Angle (C &l O)} 

<Lirte \Z A3 O Bl BE) 

.■ 

Prove: 

(C A2) - (C B2) 




A2 Ai 



Under -phase I" those lists created in that state are ihown. Note that some of the 
triangle* appear twice in the CONGRU.D I In. The reason for this is, that those triangle* 
are isosceles. Consequently, their voices can correspond in more than one wav. 

The way facts are attached as corresponding mingles if dif ftrant from the T - NIL 
method described earlLer. Rather, each pair of congruent triangles have a numeric value 



which pt» hi|h=r when more ji known about the paif.und cod« that knowledge, For the 
sake or limply however, the Actual f,cK known about « t h pair oF triangle, (e.g ■ *_ a . ,) 
will be explicitly ststed, instead of the item, 

GELERNTER 2: Given; 

1 (Segment [AL AS) - Segment (BJ Bft) 

2 (Angle {C AJ OJ - Angle (C Bl O)) 
Cwli - (Segment CA2 C} - Segment (B? C}} 

Phase fc . 

LLst-Df -triangle ( fC B2 Bl) (C B? O) (C B2 AD (C B$ A2) (C Bl O) (C Bl AJ) (C Bl Affl 

(C O A]) (C O AS) (C Al AS) J 
CongruenL-triangtei: 

« «C B2 BL) (C A2 Al)) «C E2 OJ (C A3 0)) ((C B2 Al) fC M B]» 
«C E2 A?) (C A? BtJJ «C Bl O) (C A3 OJ> «C Bl Al.) fC Al B[)> > 

The Proofr 

Lilt of i|| fcnown. facj found in the trains of the prmf: 

({Segment (Al AS) - Se|me,nr (Bl BE) CRn*on: given)) 

<C Angle <C Al 0) - Angle (C B L O)} (Rawn, gjven)) 

((Segment ( Al C) - Segment (Bl C)) {£„ 50n: Ls0Kdei Iria n?le)) 



(CTriftTigle (AL A? GJ - Triangle (BL &2 CJ) (Reason: s a s)) 

{{Angle (Al AS C) - Ajiffe (Bl B? C» (Reawn; trtangle (A| A2 C) 

■ tangle (Bl B2 CM) 
((Segment (A? C) - Segment (B2 C)) -Sea ten. tiwwlei tt-iaftgta}) 

Facts attached to trJanglpi: 
((Al A2 C , Bi B2 C) march in ta.i ) 
KAI B? C , Bl AS C) maxh in i) 
«A1 C O , Bl C O) maich in «} 
«A1 Bl C , Bl Al C) match in >.s} 

Lilt of all the Kgrnent-Eq-ualWes explored:: 

( «A1 A3) - (Bl B2)J ((A| C) - (BL CJ) J 

List Of all angle-Equal itiM <KplorEd: 

i «C AJ O) - fC Bl O}} E(C Al A2J - C Bl B2» ({Al A2Q - (Bl B? QJ ) 

The "VquLvalence-eeElj": 

< (Segments; ({AL A2) - {BJ B2)) ((AL CJ - (Bl C)» 

(Anklet CCC Al O) - (C Bl O)) ((AL A2 CJ - (Bl B2 C») > 



Comment* I. The equivalence cells are the way transitivity 11 hacked. All the equal 

segments, (or angles etc) art put into (he same cell. 



2. The system deduced (ingle CB[B? - angle CA1A2) although it did ret inert it, for * 
reason irrrlevant here. 

3. Some of the facts i**re not attached to mil this pousbl« :riangles, because the attaching 
procedure Stopped upon hltrlfig the goal, 

1.3.1? Example 2. 

The second example ij Gelernier's fifth problem, which is about u far as Goldstein's 
SVKem can go. The problem is: 



Given: 

BC is parallel to AKD 
BP - PD. 
AO - OC. 

(All r.he lines.) 
Prove: 
AM -MB 




(Actually, line CPU should be a conduction.) 

And the infant's saltation is: 

KNOWN: 

<((UNL (B Q PARALLEL LlM (A K D)) (Ruion; given)) 



<f ANGLE (CSD). ANC LE {A D B)J (Ra«n : interwr iltr m ate in& | K )) 

((TRIANGLE (B G P)^ TRIANGLE <D K P)) 

(Reason; * a)) 
({ANGLE (B C P) - ANGLE (D K P» (R«, M . trianffte {BCp)h 

trianjle (D X PJ)J 
{(SEGMENT {B P) - SEGMENT (P D» (R^on; given)) 

({TRIANGLE (B C P} - TRIANGLE (D X Pfl {Reawn: a s a» 
((SEGMENT (B C) - SEGMENT (D K).) (Reason; vbn^lc (B C P) - triangle 

(D X P») 
({SEGMENT (C P) - SEGMENT (K P» {Retion: triangle (B C P> - triingle 

(D K P») 

r 

«S EG M ENT { A O) - S EG M ENT (O CJJ (ReaKm : given)) 

((LINE (A K D} PARALLEL LINE (M O P)J CReison: line (M O P> i( * hliKtOr}) 

((SEGMENT (A M) - SEGMENT (B ht)) (Reason: line (M O P) |& a bJMetor 

■nd parallel to (A K D» > 

Q.E.D 

Now Let us jfispptt same of the referenee-funiEi, and the C#lfc list at the end of [he 
proof, 

The 1lit of equivalent cells, is: 

* tegmenta <(B C) (D X }> ((C P) (EC P)) {(B P) (D P» ((A O) (C O )) 
((A M) (B M)) 



(Parallels; ((E C) (M OP)(AK D))J 
(Angle* «C B D) (A D E)) ([B CP)(DK P» j- 
Note, that (B C) (M O P), and (A K D) are all in the same parallel cell, thereFore they are 
known to be ill parallel 

Parallelogram* list; No parallelogram was found. The frame of ( A K P M) for 
example, has one T in its current mne of knowleje list, indJatitif that AK n parallel to 
MP 

List of triangle* wuh bisector* 
BiKCtlut a: rhe end his the follow jn|f form: 

«{D KAliDPB) <{C P K) (A M B)) (nil T nil)) 
((A MB)(AO CJ (£M O P) (B Q) 0" T T)) 
((BMA)(BPD) «W o P) (A K D» (T T T» 
<(C OA}(C? K> «M O P) (A K D» (T T Tffl 
Thu means, that the system had found 4 iriingSe* wiih bisectors in tli-s dwgramj and 
established thu relation, in icaiei, using [hi following bisector theorems^ 

1. A line bisecting two sides of a triangle is parallel jo the rhird, 

2. A line bisecting on* ilde of a triangle and. parallel to the base bisect* also the second side. 
Consequently, the proof produced was ih-Qn and natural. (Note especially the last two itept,} 



Part J] 



In this part we describe how pn»ft art produced using the back ward chaining 
mechanism. We shall try to focus on iuiiu of general interest, rather then on details of 
implementation. Some details are heeded, hanwer, tg Follow the discussion. After 
presenting the bictward search, solutions to a sequence of successively harder problems are 
discussed. 

2.1 The experts 

The building blocks of the backward search are, using Goldstein's term, the experts. 
For each possible goal, Ifte segments or angles equality triangles congruence, bisectors and 
parallelograms, (her* is a special structure which connects the goat with the different 
strategies for proving ic Such a structure, which may be thought of as a branch of the 
search tree, is called an expert. It consists of i main node, i*hich is the expert's rop-level 
goal, and "daughiei-rcodes" which are ill ihtpoHibfc subgMkor strategies, for proving the 
main go*L The experts work hand-m-hand with the p.M.G. (Plausible Move Generator). 
When a new mescal is added to the searrh tree by one of the experts, the P.M.G ajiodatei 
with it a numerical value, called the sua of that goal, This score is intended to measure 
the plausibility Of the goal, [ha: is. to gj*e some indication of the a-pnorl Chances to satitfy 
the goal, Coals are scored according tn two criteria a structural criterion, and i current- 
staie-of-knowledge criterion. 
Structural c riterion; Suppose the current goal (s 



(segment AW - segment MB) and the diagram 

loots like [ V I 

In thu case, the subgoal (bisector MN) 

is added to :he search tree with a score 

Of 60. based only on the fit; [hat Lhe 

structure in the diagram suggests the 

applicability of that subgoal. 




2.1 



Current state of knowle dge criTerion: If. in addition to :he structural information, it It also . 
known that M N is indeed parallel to EC, then the scare wJll raise from 60 to SO points. In 
the case of congruent triangles, the basic score u 30, and each additional known equality 
adds SO points to the score. We sumnarLie the congruence score as 30 + 20k, where k is the 
number of already known facts, 

The scoring scheme was based on subjective impression rathe? thin, on accurate 
computations or experiments- Consequently, the scoring function cannot, in its current state, 
make the fine distinctions one might, perhaps, want to have. For example, one mig-hi ai^ue 
thai the equality of one side and one anjle gives a somewhat better support to triangles 
Congruence than the equality •of two sides. The rationale is. that in the latter case one of 
two subgoali is to b* established; eiiher the included angte or :h.e third side. While in the 
first case, there Are ihxee possible skoals, each of which is enough to satisfy the 
congruence. 



2.2 Building a search-tree. 

In this SKtJcn we deal with [wo problem! related to search trees in general,, and 
present the way they were dealt w|;h eH [tit System, The First one hu ED do With the 
inefficiency of And-Gr trees, arid the other wj;h the order of (he March. 

tn the backward chaining, the tpp kvel goal constitute! the first node of the search 
tree, The ex pen of that goat is then invoked > adding the subgcals it found, a& well a* their 
scores* as, new branches to The tree. One of the subgoals is then selected as the new current 
goal, iti sLibgoals are added to the tree, and so on, 

The simpkit structure that can be created in this way, is "known as an "And-Or trw". 
The name follows from the observation, that it can be *eprssenred « a tree in which each 
goal itemj From either an "and" or an "or 1 " node, ai ihown in figure [ tZ I Such a structure! 
makes it easy to determine whether the top 1ev*L goal is implied by the proof" of a given 
subgoal. All one hai to do ii try to "climb" up the tree to the top level goal following the 2 
simple rules-: 

|. An "or" goal ii established Lf at iieast on* of ITS sd'bgoals is proved. 
% An "and" goal is proved when all its subgoals are. 

However, a pure AricL-Or tree i* not i/ery efficient- Consider, for eumph, the 
problem oF proving a congruence. Even in the case of a simpk triangle, (not a right angle 
or an isosceles one)- the produced subtree will have a 13-branchei "or*, each terminating in a 
3-D ranches *and". [2.31 



triangle ABC - tmngle XVZ 



C-: 



AND AND AND AND AND A\0 AND 



t&'Xf BC-YZ AC-XZ 

n ^ ri ft ^ A A * fl| 

3 - v B « Y 6 - Y 



Afl-XY 


A&-KV 


AC-ZK 


A9w^Y 


BC-YZ 


BC-YZ 


bc-y: 


a:*xz 


AC-XZ 


B M * 


C • Z 


A - ;■: 



*\o *s: and and and and 



A - X 


A - X 


A - X 


B - Y 


a - Y 


B - Y 


C - I 


C - Z 


D ■ Z 


C - I 


c - z 


C - Z 


AB-XY 


BC-¥Z 


AC-XZ 


A&-XV 


BC-YZ 


AC-XZ 



FijurE 2.2: The congruence ftftd-Or tree 



That is, 39 branches, while ther* are only 6 divine: lubgoali: 5 angles and 3 segments 
equalities. 

Ai W* already have at hand some forward search mechanism, it is reasonable to 
make use of it to overcome this difficulty. In addition to "and" and "or" nodes, a new kind 
of node, -called ' try -all " was introduced. For example, (he goal triangle ABC ■* triangle 
XVZ) can b* replaced by the try-all of its 6 different siibgcaU- All Che 6 are then searched, 
and when one of these equality is established, it is asserted , The assertion of a goal 
in ulaws an attach-and-explore cycte, namely the system swjtchrs For a while to forward 
search, and it watches to s« whether the main goal will be deduced from the newly made 
insertion. 

Instead of 39 branches, we now have only 6. The use of the forward mechaniim 
insures that, wh«nev« enough stibgoals are established, the main foal will also be deduced. 

£.& The order of the March; B«l Fust. 

After attaching a new branch, to the search tree, the next decision to be made 

■ 

concerns which of the subgoah is tn be selected as the next current goal. The natural 
candidate is the highest jeered subgoal. However, there are two different ways, to do this. 
Consider the following search tree: 




Each node represent* a goal, 

and the number J are (he scores. 

We f i.rSL select E is the highest 

subgoal af A. D is the highest 

subgoal of B, and Will bf Chosen 

If we ilmpiy iterate the procedure 

"follow the hi&hen scored jubgoaf. One might, however, prefer to back up at this sagt, 

choosing G instead, because g«l B did not turn out to be as promising as it flrit appeared* 

and C is now the higher scored subgoal. This latter approach is the one used by the 

system. However it Will not back, up If the. ICW6 of C - store of D or E, 

Ta be sure, before a subgoal is added, the subgoals list has to be inspected to verify 
that it is not there yet. A s;oai ^hi;h has no nsw jubgoals gets a score and is never chuien 
as the current goal. 

Keeping track of the :rEe structure The internal rep resen&tion of the March tree is a list of 
all the jubgoals. With each goal 3 numbers are associated: the first Is the goal's own 
identification number. The second is iti parent's node number, and the last one is its score. 
TbUi, if MN is a bisector, it might appear in the subgnals list as;( (bisector MN} 9 4 60), 
meaning that it EI goal no. 9. a subgcal of goal no. 1 and With a score of &0, 



In the following 3 pages, some of the experts are graphically re presence!. 

Each irode bears a nam?, j.^er which, the name of the liK the expert inspects, Of any) and 

the scaring- schema are shown. 



Segment equality cxpm, 



bi sector 



bise;t i p st 



£ff + 2ff*. 



Bagnent mE » sognant KY 



If it la KMDUN or CELLS litt - etoni. 



i a d 5ca I e &-a 



sa 



— _ G. 



corgryenc* 
congrudl iat 
30 + 20k 



1 

trans It i vi ty 

eel I a 
55 425) 



pal lelagrati 
Da-ad i at 
30 + 20* 



(ari thftiet ic), (n-diar.) 



CommentJi {jDii*1«-a mejru thac its iuogoil u arjEles -EquaHty. The angle equality expert 
his an isoKdei-s iubgoal, which is later r enlaced ty the appropriate segineriTy equality gtial 
TraniitlYJljf nwani finding a ss^mmt CD s.t. AB - CD - XY (in trie diagram). If CD it 
already known to r>t equal tg AB or XY, the wgre is 55, otherwise it is 25l 

Segment equality methwfc baud upon thegrflmi involving arithmetic or median are not yet 
implemented. 



Angles equally cspert: 



angla ABC - an$L* £¥Z 



If it is in XNCIUN or i r, CELLS - ckni 



para I I e 1 9 
c*l It 
23 



1 

fljiil lar 1 1 g 

■ioidllit 

3G + 30k 



1 

para I lelogran 

parad I 1 at 
33 + 2B< 



congrudl <§t 

33 * 23k 



i SSscb I e 5 



se 



trans! tivi tj 

Cfll I* 

5& 



tarlthattic) 



PaiTilkl lines expert. 



ini flinti] parallal line Ulft C 21 



if it 13 already in KKWIV ar CEL.S - dona. 



ar g I eg 
eel Lt 
2S 



I 

para 1 1 a I agran 
par ad Nit 
38 +26* 



transitivity 
ctl I* 

5a 



bJ sector 
biiftCtliat 
EG + 30k 



{■rithnetic) 



2,4 EXAMPLES. 

In [his section w* present solutions to a Mquence of succeuiveJy harder problems, 
with the goal of getting a more Concrete amprejsmn ad" the system's abilities and limitation*. 

The backward -search part of the if Hem was noi irnplemenred as an auton omous 
theorem prover. Instead, the search algorithm wa* written as an interactive jyirem, The 
UIST his t6 State h« Top-level goal, then the system starts asicing him questions, to which he 
responds 13/ typing in the answers. For example: Suppose thecal j 4 - {lme line] is parallel 
» line lineS). the system will present the Paradli* which is the Lit oF all parallelogram in 
the diagram, and ask whether The two lines are opposite sides of some parallelogram. The 
system does most of the bookkeeping, mating, fining the nest subgoal etc The solution w 
;he third ex*- pie includes excerpts from such a dialog with the system, white in the other 
cases only the search-tree will be presented. 

2*3. Example I. 

This First example i; n« reallj- a geometry problem. It is only used to demonstrate 
the irief ficiency that remits from a rigid structure of control Suppose there h a congruence 
expert, which tries to satisfy its main goal by applying its strategies in a fixed, pre- 
determined order. Let the order be like in Goldstein's B.T.P. (the version with no P.M.G, 
and which Creates alnost pure Asd-Or trees.) 
This expert is illustrated on the next pagE. 



la i,» f g 

XV * UV 

VZ - vu 



trianglt XYZ - trangle UVU 



If thl tr tangle?, ara idanlleal - dona. 

! 



2 4 'j..',: 
XY - UV 



YZ - VU 

ang I e Y ■ snole V 



any sidt 

angla Y -angle V 

angle Z - anglt W 



4, nan'ing 
Y2X - VWU 

ZXY - UJY 



I 



5r tranel t i vl Ty 



The problem a: 

I angle ZX¥- angle WUV 
S. angle XYZ - angle UVW 
3. segment XY • lament LTV 



PfQvc: 



trundle XYZ -tmn E 1*UVW 
Y 





The expert beginj by. 

Try in XY - UV suecew 

YZ - VW figure 
Some w^putaLiOn is needed here. Th« Jejmenn quality e*p«( il 
invoked. As the qnl ; sub-goal it finds, is ftrUtnglr XYZ - triangle 

uvwx u fou*, 

Try ta-s: XY - UV jucc«j (already knpwri) 

YZ - VW failure 
This licrw it fails immediately, as it remembers past failure*. 
Try ai.s: XY - UV mcceu 

angle Y -angle V mccess 

angle Z - angle W failure 
The angle* expert is invoked, and faiii. The cgngruenc* expert now trie* "naming-, chat ij, 
(triangle YZX - mangle VWU). but faik I[ succeeds only with the last strategy (a.a_s) and 
the last permutation, ftnangir ZXY - iriangle WW). 

This Is indeed a trivial case, and things will gee worse in cases where each subgoal 
requires a considerable amount of cnmpuiatmn. As rationed in earlier sections, the try-all 
n>cThpd ' i,,d the incorporation of a P.M.C will help solve this difficult/. 



2-ih EsaFnpfce 2, 
Given : BE - ED 
ED -DC 

AB - DC 

MND parallel to AC 
grave-, angle CAD - aftglc DA t 




The eonpira *« rehire* it 



anale OAC - antrla ZAE 



iransitivi tu 50 
angle A3h - ang | a OAt 



i Eo = is I ib-i 50 
triangle ADN 



conoru-gr-t 70 
triangle AD-1 - tripngla ADE 
try all 



Ai •» DH an. riAD • an* ACE an, WW - anu AED 



conaruenea 7B 

triangjB *EB - tr I ang Is DfiE 

try-* I I 



r 1 



*B - 50 



an. BAE - an. ITJE an. AEB - ang I a DHB 



Comments: "aft." « an abbreviation for "angle", 

The underlined subgoali are ;he enw thosen by the system 

In the forward search phase, The following luai diKQvered: 
segment AM - jEgmen? MB (rea&on: bisector) 
Consequently, and with the help of the Ctlk list, the following segment! are known to be 
equal: AM - EM - IE - DE 

angle CAD - angle ADM ( reason; parallels}. 

Note, that the above- tree it not Just the proof tree, but the search tree; all the 
pouible subgoals are presented. Goals that are already estabiishecl, or that appear higher in 
the tree, are not WhiLdered as new subgoals, therefore some at the "try-alls - have only 3, not 
G, suhgoals. 



2-4c Example 3. 

Givm- CQand BQare angle hjsrOofi. 

QL r QM, -qK, are perpendicular to the Corresponding sides. 
Prove : AQjs a bo an angle biiector. 
(The three angle bisectors oF a dangle m«t at a point) 




While [he prcvioui problem tnnlt Neviiw' jpem about 4 seconds eq selue, thii one 
involved nuny mow computation^ and cocilt about 40 iKDndt The reason is, that the 
backward seaith rnechanjim made torn? fruitles* attempts [hat w«ie time consuming:. 

To jiV! a better dejcrLptlori of all the topi the sysMm must Follow till H reaches the 
solution, the greatest part of the «a:ch pJOHKQl if also given. 

Search protocol, ujjng ;hE interactive synem. 
(fo^dlf 4?1^f expert) 



(Angl^ejrpir: js read/, pleiti type your goal ) 



Comment: As ex plained in £s, (page 25} (0 0) indicates that thti is the cop level goal. 

(It the goal in the Known or Cells lists? the Cell* Hit it) 

<{parallels:J 

(**g mentis (cm - el> <bm - bi) (ql - qm - qk)) 

(ang let (deq - ecq) (mbq - Ibq) iap - cql) (bqk - bqm) (qka - qfct> - qla - qlc - qmb - 

qmc))> 

-> ne. 

(Try parallels; ire the angles /nown to be equal as a consequence of already established 

parallel lines? (Martin parallels in th* Cells lla)J 

(Trjf isosceles: are thejf in an isosceles triangle?) 

(try congruence: are they corresponding angkiof a pair of congruent triangle in the 

diagram? the CongrudLlsi is:) 

«fe k q>- (a I q) (c i q) - (c m q) (b k q} - (fa m q> 

-> jef, 

(Type the congruent triangles.) 

-> ( AKQ ALQ) 

(ko« - 30 + 30fc pleaje type the scare) 

Comrtvent; k is the number of known equalities, as explained in £3 

■m> TO 



{(congruent AKQ,AIjQJ IQ%) 

fTrjf similarity: are thejf corresponding angles in similar triangles? SimidlJK is$ 

nil 

-> no. 

(Try para n«lDf rami: are they oppose angle* „f a parallelogram? Piradlist is:) 
nil 

■9- m 

(Try transitivity: chert whether at least one of the two angles appears in cells) 

{Cells list is displayed again} 

(Search the paiaU*iisr. h there* paii of parallel lines thai might imply the anglei equality? 

parallelise it) 

nil 

{end of ang|«*exp«t} 

The iubgoali list at this stags Lt 

{({angle kaq - ingle laq) Q 0) ((congruent alq *lqj 3 »)) 

(parting cn?i.grKmc«-B)f r p«nJ 
(Congruence expeit is n*i\: K«in pun: ; r sur goal) 
-> ((triangle AKQ mtrtaj\g{ t ALQ) J 70} 
{T/pp in rhe first triangle) 



-> (JK Q) 

(Type in th* second one} 
-> M L Q) 

(I wjll now print out the ppsjible iubgoah. If thesubgoal appeared already in "subgoah" 
print 'no'. ;r it it already in Known prln< \\ OiherwJic print >«', indicating that ynu 
accept it as a. subgoal} 
(ak * al) 
-> j*j. 
{kq - 1q} 

•3- J*f, 

(aq - aq) 

•* r. 

(angle AQK - angle AQp 

-> yes. 

(angle Q^A - ingle QKA) 

-> r 

{Ai tt happens fo be already in Known.} 

(end or congruence expert. Expand now all the try-alls) 

the sUbgoals liit at this JTage :s: 
<((angle kaq ^ angle laq) D 0} 

((congruent aiiq alq) 3 70} 



try-a.11: «ak -aim yes) (Otq - Iq) 3 I yes) 

((14 - aq) 4 L [) {{angle iqk . angle aql) 5 1 yei) 

((angle qla - angk qlta) B L t) end-cr]r-ftlU> 

Comment: In the care cF "try-all" all the iubfoali are to be Expanded. This is indicated in 
the jyitem by the Hag "ye*" replacing the numeric scare. 

(catling Jtgmenis-f Xpert.) 
{segment-espen jj ready, print your goal.) 

{{stg7H£nt J^ - i^jwn/ f^ J J y«} 
(is it in known rw in «Us? the cells list is:) 
^parallels:} ■ 

{segments: (cm - cl) (bjn - bk) (ql - qm - qk)) 

(angles: {do| - «q) (mbq - {kbq} {cqm - cql] (bqt * bom) (qka - qkb - qla b qlc - qmb - 
qrnc» 

■ 

(subgoai proved) 
The enure search tree is: 



AK - AL 



angle KAQ * angle QAL 



C&n&ruBnt 70 

tr i *ng | a AKQ - triangle AUQ 

try-a I I 



OK - QL 



anglo ttQK - angln ApL 



Comment Subgoab whtcti aw known u> be true, lifc (angit^KA wangle QJLA) ire not 
ibown as sub^oals. 

In th# forward phase, the fallowing wii wtabhihed: 

U-iang}e CM Q- [fiance CLQ, 

triangle BMQ,- triangle BKQ. 
The search was quite ihwr, so that this problem should not be more difficult for the system 
thkn [he previous one. 



2A& Example 4. 

This is the most difficult problem solved by Nsvins" system. 
Ciw^n: AM - MC DN - NF FroYt AC - &F 

BM - MP £N - NQ. 



AB-DE BC - EF 
BM - EN 

Diagram for problem 4. 





In the forward wanch. [he jyirem discovers! that AECP and EDQF ar* 
pai-allelo|rimt. Imbo cijcoveri all rhc congpient triangles. wi:hln each parallelogram. The 
backward iearch Cf« is larjer this tire.?, threifore iL wil3 be tLited rather thin ihoWn 



graphically. 

Backward jearch: Top ltvei peat is AC - DF 
The goal hat two jubgoals: 

t [riapifk ABC - triangle DEF r score - m (Two tides, eqgalitlti already known). 
2. triang N ACP - triangle DFQ, score - lift 0~*e adss, found in "alls") 
The first rnie is thcMn, and replaced by its "try-all's 
9. angle AEC - angle DEF. 
1 angle BAC ■ angle EOF. 
5. angle ACS - angfe DFE. 
(The other subgtials are either known or previous, glials,) 
Now, the "[i-jr-all's are search rd and scored. 
Subgeali of 3j 

B. Traniitiviy. score - 5!X 
Subgoals of ± 

1. triangle AEM - triangle DEN. Stare - 70. 
S- Transitivity, store » 50. 
SuogCmls af fc 

9. triangle EMC - irlangie ENF, score - "70. 
The system ntnv chooses goal 7. k does not back up to an equi1-j«re subgoaL 
Subgeals of 7 are rhe "try-aTi- 

10. angle ABM - angle DEN. 



II. angle AM B- angle DNE. 
The system also tries AM - DH, but this is not really neceuary. It dofi not deal with 
arithmetic, leaving it do Eh* Toiwifd March. But if it did, AM - DN would have been one 
of the first suugoals, and therefore not considered here. 
Subsoil of LO ii 

12. triangle ABP - triangle DEQ, JCOnfi - 70. 
And of 11 iSl 

13. Transitivity, scare - 6Dl 

When 12 ts picked, AP - uq.ii found in Cells and EP - EQ.by arithmetic. When they are 
asserted, a forward search cycle- Li inltjated, and the top level goal is also deduced. 

Similarity ii used only when two triangles which are similar, hut not congruent ire 
found, The rationale is, thaj the 5ys:em night a* well cry to establish congruence! If it 
discovers that they agree in 2 angks, Similarity mill oe deduced anyway. 

The main difficulty In ihit problem is the symmetry involved. Symmetry is. also the 
reason that the system Chooses a current suhgoal jn the case that both it and a previous gnat 
have the same score. In problems with much symmetry many subgeals, at the same Level 
might have the same score, and It is not advisable to explore all of them. Note also, that 
because of that the system a new geared toward finding always the shorten proof. To 
produce- the shortest pruofs, it should follow the "best first" rule, but atw have the Ability to 
deal with symmetries.. 



2-5 Difficult problems. 

Tine issue of solving difficult problem* Jj closely related to some orher wpl« often 
raised in A.I research, such as abstraction, planning and learning 1 . Upon attacking a 
problem, especially a hard one, o?.e of'en begins by generating- some a.bstra.ct plan, and Jt ii 
not until a later stage, that en* worries about fjlimg in all the details. The ability to analyze 
the problem In not-UM-dotailed terms L^lt that Stage, of great importance. Abstraction ako 
play* an Important role in learning. For example, a crucial grobfem in the geometry; 
learning process is the extraction and representation of the new in fledge gained in the 
court* of finding a proof to a theorem. 

In this section, the system's features that enable It to generate some plans are 

discussed. In the particular domain of plane geometry, :he most difficult problem* are rh«* 

which require clever constructions. The queition of incorporaing construction heuriitiu. in a 

geometry theorem prover was addressd by R. Wong in hi* M.Sc. thesis, <Wung 72> and 

here are two of his heuristics. 

I. situation: AS is parallel 03 CD. 

AB is. not equal to CD, A B 

f- ■ 

goal: Al * XV - CD • UV. / . 

/ 
comtruction: f 



line AP parallel to Be. 




Z situation: angle ABY - angle CBX. 
A and C are on the 
same side of XY. 

goal: AB + BC - some PQ. y 

construction: 
segment EC s.L BC - BC and ABC are collier 

Note, that in checking the applicability f 4 goal. certain structural relations a™ to be 
verified. In Wong's heuristic relations like 'same SLde H or "inside" are often to be 
determined. 

But the role of the diagram does n« end here. Even preconditions like segment or 
angle equally are often Verified anty in the diagram (as opposed no being proved), 
following which a construction Ls made, and only then the formal proof follows. Take For 
example the condition "AB is not equal to CD"; one is net supposed to prove this statement 
before applying the construction, but" rather, w verify it in the diagram. It seems plausible, 
therefore, that if a. strain is K) have powerful cqnJUuOive capabllltiFi, it should include 
semantic processes (that is, analyst of the diagram} interacting with its other parts. In this 
respect the approach represented in the described sysam might be a step in the rl^h: 
tiinrclian. 

The diagram prt-proceisjng and thecraacion of the reference- frames, are alio useful 
for getting a global picture of the prsblen That it because (hey enable the system tn notice 
the important relations in the problem, and organise them in eompitt concepts, like 



parallelograms, blMctori w congruent triangle?. To make thii point clearer, a "plan' wai 
produced with the help of the SJ^em. by using the following procedure 

1. Mlitt a backward search from the rop Lrvel goal to depth 2. 

2. State the 2 highest KOred iubgoaii in each of these 2 levels. 

S. Examine the different franws, find the higher scored one (middle search}. 
R«urn, for example, to example 2 r and examine the product plan, 

In kvel 1 there w*i only one JU&goal. transitivity. In lev*] 2 there were 2 MibgoaJ*, 

congruence and iipsceks. The highest scored Iram* is (triangle ABE - triangle DBM) (the 

hisecar U not to be counted, because it hid been already proved). Now put all this Into a 

more human-like form, and the result a something like-. 

"In order to show that angle DAN - angle CAD, £ have to prove fha: angle DAN n 
equal to angle ADN. Ta dp this. I ran either establish the congruence or triangles 
ADM and AID, or Chat AND is isosMias. Til try the congruence First. It also wems 
plausible that Jriangle ABE - triangle ADM, jo ] might try to establish and use that". 
The afcoi^ procedure i* not intended TO work eh a plan-generator, but rather to S-how 

that due to the diagram premising stage the system acquires some capability of attacking the 

planning problem in a rather natuial wap. 



PART III SEMANTIC AND SYNTACTIC SYMMETRY. 

Oh* of Gclerntefj primary concerns in his. original work on Geometry Theorem 
Proving was the problem af synneiry Jn mathennttral proofs, The problem ti to clarify 
when, and Dn what grounds, * maihema:ician is justified in giving only one part of a proof, 
and claiming thai the other part is done In a similar, or symmetric, way, Gelernrer had 
implemented, an algorithm thai was esetuted before the beginning of the proof search, 
producing all possible symmetries in the problem. Then, when the system was about to 
establish some sub-goal, it fiist examined Lhe list of all symmetries to check whether a similar 
subgca! had Already been proved or searched. Hii purely syntactic definition of symmetry 
will be explained in the next paragraph- We iwi.ll. however be interested in a somewhat 
rUffmni problem. Rather than pre-creating all possible symmetries we shall address the 
issue of similarity between two gsuen goals. In section & we shall see how thii problem can 
he solved in our system. The solution will be based on the notion of semantic rather than 
syntactic symmetry {The term 'sernantLc" indicates that the- diagram is medj 

Syntactic symmetry . 

The definition of symmetry embodies the idea that two goals are similar if it is 
possible TO prove One of them by re-n&Jning' the variables in the proof of the other. 

Let H ■ (HI a H2 a ,,, nt/\ Hn) be the conjunction of all our hypotheses, 
GOALl be our goal, and a be the set of all variables appearing; in H. Another goalj 



GOAL2 Ji said to be umilaj or symmetric io GOALI if th«» exist i permutation n of the 
variables a such that: 

I- OOALI (nn) - GOAL2 

2, H (ira) - H 

where no; is the permutation n nf the variables a. 
Example; Suppose wme given the f-otlwwin^: 

3. Segmet (A E) * Segment (Al Bl) 
J. Segment (A G) - Segraent (AL CI) 
3. Segment (EC)- Segment (Bl CI) 

and GOAL] ii (Anglt (A B C) - Angle (Al Bl CI))- br If w* are also givm: 

la. Segment (X Y) - Segment (XI ¥1) 

2a. Segment (X Z) - Segment {XI ZL) 

3a. Segment (V Z} - Segment (Vl Z|) 
and GO AL2 is {Angle (X Y Z) - Angle (XI YJ Zt}). mn an say, according to Che above 
definition, that th# two goal* are similar under ihe. permutation Pk 

X <- A Y <- B Z *- C 

XI «- Al Y] -s- Bt ZJ <- CJ 

However, goal: (Angle (X Z YJ - Angle (XI YJ Zt)) i* not to be considered iimilir to 
OOALI. 

What Geternte/s algorithm aid., wai to produce all the permutation* ft tuch that 
HCno) - H. Then, if the syitem &ets up a iubgoal SUBGOALL, it can search wh«her it had 
already proved or Aeaithed the *ame goal undej different variable naming. 



Semantic Symmetr^. 

For che purpose of the current sealon we shall ilightly change the format of the 
reference frames described in part 1. Each frame will be a liji whoj* firit element ii a 
geometrk figure and the r«t are all ihe relation » between pairs or its elements, a)] or them 
in canonic farm. The frame of parallelogram (ABCD) will thus b* 
<!ABGD) (AB - CD) (AC • HD> {AB Pirallel CD) {AC Parallel BD> 
{Angle DAB - Angle BCD) (Angte ADC - Angle ABC) > 
$ome definitions; 

NEIGHBOR of a goal GO ALL jj any goal chat is found in i franw in which 
COALI IS ai» found. In r.he above esifftplc of a parallelogram frame (AB- - CD) will be a 
neigh bar of (AC Parallel BD). 

The frame.! are to be conju-ucted m sush. a way. chat if there n a rule of inference in 

the system of the Form fQt * G2 AQn a GDALlI , then Q1 to Qn aie att 

neighbors of COALI in (at least) one of the frames. Therefore, if the system knew the rule 
chat equality gf diagonals in a quadrilateral implies that the eruadriiateral ls a parallelogram, 
the relation between *he diagonal, or (AC - BD) in nsir example, should have been added 
to the parallelogram f:ame- 

SAME-POSITION (GOALS GQAL2): Two goab COALI and GOALS are »id to 
be in che rame position in the frames if far each frame GOAL] is in, there n a frame in che 
same iisc in which COAL? is a member, and vice v«ii. Not* thai one of the list! it the 
KNOWN list, the Use of all wawmenu established so far. Therefore Same-position (COAL.I 



GOALS) unplies, among other things that GOAL1 has already been established if and only 
If COAU hai been Informally, <AB -CD) and (XV - UV)are in the SAME- 
POSITION, Lf they ara member* of similar geometric f igures, and jf we hive about them 
the same amount of in formation. ThLi is, however, nor enough: we wish to aiwrt that their 
neighbors, which are their poulblc antcceoenis in the proof, ire also in the ume-pOSlTiOnu 
For I hii end the EQUIVALENCE relation Ji defined. 

EQUIVALENCE: T^n- goals, COALl and GOALS, are tatd w be equivalent of 
order ( GOAL! * GOAL?) if there exisra a permutation n such that 

a. GOALS (ua) - GOAL2. 

b. Same-position {COAL], GOAL2), 

_ 
GQALL is tgulvalent of order n» GOALS <GOALl - GOALS) if there exiit a 

permutaunn n such that" 

a. COALl (m)- GOALS. 
■ . 

b. For each Pi, a neighbor of GOAL], there Ji a P h i, a neighbor of GOALS, such 

n-r 
that Pi ** P'i. (Under the iamE- permutation.) 

GO ALL it equivalent K) GOALS if they are equivalent of any order- 

Lemma: 

If GOAL] haa a piwf of length n,and GOALS ~ GOALL, then COALS as well has 
a proof oF length n. (Which is the same proof aj that of COALl. with the permuted, 
variables). 
Proof: 



By induction. For n - 0: GO ALE hui proof of length only if it is in the 
KNOWN list CO ALL - GQAL2 implies that ihey are Jn the SAME-POSITION, 
therefore COALS n ako m (he KNOWN list and therefore hat a - length proof. 

The induction step: 

n+i 

Let GGALl ~ GOALS, and COAL] hii jome proof of length n*E. The last step or 

this proof it of the formr PI a Pz * A p n 3 coali. From the definition of 

equivalence, there exist a permutation n im h that P](ira} - PT Pgfos) - F*2, JPnfas) ■ 

P'fl. when P'L ...Pn are alt ttei^hbors of GOAL£ and, by the induction hypothesis, all 
have proof i of leng:h n. 

P'l a F'2 , P+ ♦. .a P'ti j. GOALS will he the n*]'th step tn the proof of GOAL2. 
Corollary: 

If GOAU ~ GOALS, then GO ALL is provable if and only if GOALS is and the 
proof* are the same, except for the variables naming. 

Comparing Semantic and Syntactic Symmetries. 

One bail-C idea was common to the two notion*: two proofs are iyrrtnwtric jf they 
have exactly the same structure but deal, perhaps, with a different set of pointf 

There are, however, two significant d if I enroot 
1. Incorporation of semantic p«dica;ei.. therEby constraining the possible permuationsL 

By dieting rhat SAME-POSITION tGQALL GOAL2J ( a predicate which cannot be 
used in a proof) we verify things like: Both { AB CD ) and ( KY UV ) are corresponding 
sides of of CONGRUD (congruent by the diagram) triangles. If thm test fails, {AB - CD) 



and (XY * UV) ar* not to be cgniidered symmetric gtali. 

2. Restriction of this requirement! to the relevant points. In the syntactic lymmetry definition 
it was required That the conjunction of all the hypotheses will transform into an equivalent 
lenience. In the semantic lymmetry, en the other hand, we Inspected only those predk*tei 
which are eonneaed to Lhe goals Through some chain of neighbors. 

The two differences .stated above tuv« srh* following implications: 
A, Efficiency of The search. 

The main *tep in showing symmetry is finding; the rig- ht permiitaiinn. Consider the 
following djigram and set of predicates: 






Segment (A B} - Segment (Al Bl} 
Angle (D A B}- Angle© I Al Bl} 
Angre (ABC)- Angle (Al Bl CJ) 
Line (ADC); Line (Al Dl GL) 




The goal Lj fo show Segment (A C) - Segment (A] Cl>, 

If goal? is hi prove Seg merit (X Z) - Se^menr {XI Zl) f we know from the requirement 
that goalKnn) « goa!2, some tnrrtramB an the permutation. A possibk suth permutation it: 
A is transformed to X„ C -> Z. Al -> X], CI -> V|. But to what does D transform? 
{remember the diagram it not tn be used). 

Proceeding on syn;aetic ground. ^ notice that D appear in the predicate LIN£ (A 
D C). Therefore w« loot for ., predicate LJNE (X ?Y Z), and the value of ?V will be a 
poHiWe candLdare for n D. The problem » that we might have many such paints satisfying 
L1NZ (X ?Y Z). The uw of semantic predicate* , namely predicates about the diagram, will 
limit the number of candidate* in the same way that it does in the proof search. Suppose 
we have for example a predicate CO^GRUD (ABCXVZJ which is TRUE if triangle {A 
B G) is congruent in the diagram to triangle [X Y Z). The number of points utilising 
CONGRUD (A B C X Y 7Z) should be quite smaller then LINE {X Y 7Z% 

B. Weakening a too-strong requirEment. 

The requirement that H fun) - H, when H is the conjunction of all the hypothecs is 
top strong. Suppose We have- Jf,gure 3.1] a predicate (between UU Stating that A It 
between K and L, as pan of the given. In chat case, the transformatoin of A to X mafce* 
the predkn* false, (and there are nn other candidates for K. and L). Consequently GOAL2 
is not to be considered syntactically symmetric to CO ALL. However, a* there is nn chain of 
neighbors from the goals to the predicate (between A K L) , COAL2 is still semantically 
symmetric to CQAL1. 



Finalty, Che question of Jncarposratinf the notion of iymmerry into ihr iyNitu it to bE 
coruidertti. ProducJrig all powibje symmetries a priori li romputattonally explosive. An 
alternative way jj to Filter OUT thele goal* ^hich art Va:hEi similar". Using the above 
definitions, we an note, For example, the equivalent gGab of order L, and put them ISidfc 

If proofs for two JUCh goals are required at a later stage, we might *Ltih*r chert 
whether they are indeed symmetric or prove one of ihe goals and then try to apply it to th* 
other one, and even modiff it if it almost works but not quite. 
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